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1. Introduction
Let G be a simple connected graph with vertex set V(G) = {v1, v2, . . . , vn} and edge set E(G). Its
order is |V(G)|, denoted by n, and its size is |E(G)|, denoted by m. For v ∈ V(G), let NG(v) (or N(v)
for short) be the set of vertices which are adjacent to v in G, and let d(v) = |N(v)| be the degree of v.
The maximum degree of G is denoted by (G). For any e ∈ E(G), where G is the complement of the
graph G, we use G + e to denote the graph obtained by adding e to G. Readers are referred to [2] for
undefined terms.
Let A(G) and D(G) be the adjacency matrix and the diagonal matrix of vertex degrees of G, respec-
tively. The Laplacian matrix of G is defined as L(G) = D(G) − A(G), and the Laplacian characteristic
polynomial Φ(G, x) of G is defined as Φ(G, x) = det(xI − L(G)). It is easy to see that L(G) is a
symmetric positive semidefinite matrix having an eigenvalue equals to 0. Thus, the eigenvaluesμi(G)
(1  i  n) of L(G) (or the Laplacian eigenvalues of G) can be ordered as
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μ1(G)  μ2(G)  · · ·  μn(G) = 0.
Some of them may be repeated according to their multiplicities. We also call μ1(G) and μn−1(G) the
Laplacian spectral radius (denoted by μ(G)) and the algebraic connectivity (denoted by α(G)) of the
graph G, respectively. It is known that a graph is connected if and only if its algebraic connectivity is
greater than 0 [4]. Since L(G) + L(G) = nI − J, where I and J denote respectively the identity matrix
and the matrix with all entries are equal to 1, μi(G) = n − μn−i(G) for 1  i  n − 1. In particular,
μ(G) = n − α(G) and the following corollary can be obtained immediately.
Corollary 1.1 [5]. Let G be a graph of order n. Then μ(G)  n, and the equality holds if and only if G is
disconnected.
There are many literatures on Laplacian spectral radii of some special classes of graphs. For ex-
ample, Hong and Zhang [11] determined the tree with maximum Laplacian spectral radius among all
trees with a given number of pendant edges. Guo [7,9] determined the trees withmaximum Laplacian
spectral radii among all trees of fixed diameter, and those of fixed independence number, respectively.
Zhang and Zhang [15] determined the graphs with maximum Laplacian spectral radii among all bi-
partite graphs with k cut-edges, and among all bipartite bicyclic graphs, respectively. Yu and Lu [13]
determined the tree with maximum Laplacian spectral radius among all trees with a given maximum
degree. Zhang [14] characterized all extremal trees with maximum Laplacian spectral radii among all
trees with a given degree sequence. Li et al. [12] determined the graphs with maximum Laplacian
spectral radii among all bipartite graphs with (edge-)connectivity at most k.
Motivated by the above mentioned recent works, we consider in this paper the problem of deter-
mining structural details of the graph which has the maximum Laplacian spectral radius among all
bipartite graphs of prescribed order and size.
This paper is organized as follows. In Section 2, some preliminary results will be presented. In
Section 3, we provide structural and behavioral details of graphs with maximum Laplacian spectral
radius among all bipartite connected graphs of given order and size. These results will be used in
Section 4, to determine the graphs with maximum Laplacian spectral radii among all trees, and all
bipartite unicyclic, bicyclic, tricyclic and quasi-tree graphs, respectively.
2. Preliminaries
Let x be a unit eigenvector of G corresponding to μ(G), and xv denote the component of x cor-
responding to the vertex v in G. In this section, we present some lemmas which will be used in the
subsequent sections.
Lemma 2.1 [5]. Let G be a connected bipartite graph and H be a subgraph of G. Then μ(H)  μ(G), and
the equality holds if and only if G = H.
Lemma 2.2 [8]. Let u, v be two vertices of a connected bipartite graph G = (X, Y). Suppose that
v1, v2, . . . , vs (1  s  d(v)) are some vertices of N(v)\N(u) different from u. Let x be a unit eigenvector
of G corresponding to μ(G), and let G∗ be the graph obtained from G by deleting the edges vvi and adding
the edges uvi (1  i  s). If |xu|  |xv| and G∗ is also a bipartite graph, then μ(G∗) > μ(G).
Suppose G is a connected bipartite graph and uv ∈ E(G). Then N(u) ∩ N(v) = ∅. Let N(v) =
{u, v1, . . . , vs}, where s = d(v) − 1. Then G0 = G − {vv1, vv2, . . . , vvs} + {uv1, uv2, . . . , uvs} is still
connected.Moreover, G0 is bipartite if and only if uv is a cut-edge. By Lemma 2.2we have the following
corollary.
Corollary 2.3. Let G be a connected bipartite graph containing a non-pendant cut-edge uv. Suppose x is
a unit eigenvector of G corresponding to μ(G). If |xu|  |xv|, then μ(G) < μ(G0), where G0 is defined
above.
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Lemma 2.4 [6]. Let G be a graph containing at least one edge. Then μ(G)  (G) + 1. Moreover, if G is
connected on n > 1 vertices, the equality holds if and only if (G) = n − 1.
Lemma 2.5 [8]. Let G = (X, Y) be a connected bipartite graph of order n. Suppose that X = {v1, v2, . . . ,
vj} and Y = {vj+1, vj+2, . . . , vn}. Let x be a unit eigenvector of G corresponding to μ(G). Then each
component of x is nonzero and sgn(xv1) = · · · = sgn(xvj) = −sgn(xvj+1) = · · · = −sgn(xvn), where
sgn(a) denotes the sign of the real number a.
Let f (x) be a polynomial of x. The degree of f (x) is denoted by ∂(f ), and the largest real root of the
equation f (x) = 0 is denoted by ρ(f ). We often use the following lemma to compare the largest real
root of a polynomial with that of another polynomial.
Lemma 2.6 [3]. Let f (x) and g(x) be two monic polynomials with real roots, and ∂(f )  ∂(g). If f (x) =
q(x)g(x) + r(x), where r(x) = 0 or ∂(r) < ∂(g), q(x) is also a monic polynomial, and ρ(g) > ρ(q).
Then
(1) when r(x) = 0, then ρ(f ) = ρ(g);
(2) when r(x) > 0 for every x satisfying x  ρ(g), then ρ(f ) < ρ(g);
(3) when r(ρ(g)) < 0, then ρ(f ) > ρ(g).
3. Extremal bipartite graphs
Extremal graph theory is a branch of themathematical field of graph theory. Extremal graph theory
studies extremal (maximal or minimal) graphs which satisfy a certain property. Extremality can be
taken with respect to different graph invariants. In this paper, we are concerned the graphs with the
maximum Laplacian spectral radius.
Let Bn,m be the set of all connected bipartite graphs of order n and size m. In this section we will
use Gm to denote a graph with maximum Laplacian spectral radius among all graphs in Bn,m. Note
that Gm may not be unique.Wewill show structural and behavioral details of Gm in this section. Before
presenting the main result, we need to introduce the following lemmas.
Lemma 3.1. All cut-edges in Gm are pendant edges attaching to a common vertex.
Proof. Suppose that Gm contains a non-pendant cut-edge uv. By Corollary 2.3, there must be another
graph in Bn,m having a greater Laplacian spectral radius than Gm. So it is impossible. By Lemma 2.2
we obtain that all pendant edges in Gm are attaching at a vertex. 
Lemma 3.2. Let (X, Y) be the bipartition of Gm, and x be a unit eigenvector of Gm corresponding toμ(Gm).
If u, v ∈ X (or Y) such that |xu|  |xv|, then N(v) ⊆ N(u).
Proof. The lemma follows by Lemma 2.2. 
Lemma 2.5 tells us that for a bipartite graph G, the unit eigenvector x of G corresponding to μ(G)
contains no zero entries, and all the components in x corresponding to the vertices of each partition
of G have the same sign. By Lemma 3.2, the following corollary is obvious.
Corollary 3.3. Let (X, Y) be the bipartition of Gm, and x be a unit eigenvector of Gm corresponding to
μ(Gm). If u, v ∈ X (or Y), then xu = xv if and only if N(u) = N(v).
Proof. If xu = xv, then Lemma 3.2 implies that N(u) = N(v). On the other hand, if N(u) = N(v), then
the rows of L(Gm) corresponding to u and v are identical. Hence xv = xu. 
LetG be a bipartite graphwith bipartition (X, Y).We say thatG is a double nested graph if there exist
partitionsX = X1∪X2∪· · ·∪Xh and Y = Y1∪Y2∪· · ·∪Yh, such thatXi and Yi are non-empty sets, and
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Fig. 1. Double nested graph D(1, 2, 1; 1, 1, 3) with X = {v1, v2, v3, v4} = {v1} ∪ {v2, v3} ∪ {v4} and
Y = {u1, u2, u3, u4, u5} = {u1} ∪ {u2} ∪ {u3, u4, u5}.
Fig. 2. D(1, l − 1; n − k − l, k) (k  1, l  2, n − k − l  2).
theneighborhoodof eachvertex inXi isY1∪Y2∪· · ·∪Yh+1−i for1  i  h. If |Xi| = ai (i = 1, 2, . . . , h)
and |Yi| = bi (i = 1, 2, . . . , h), then G is denoted by D(a1, a2, . . . , ah; b1, b2, . . . , bh). It is clear
that D(a1, a2, . . . , ah; b1, b2, . . . , bh) ∼= D(b1, b2, . . . , bh; a1, a2, . . . , ah). Fig. 1 is an example of a
double nested graph.
Recently, Bell et al. proved the following result [1, Theorem 2.1]:
Of all graphs inBn,m, the maximum spectral radius (or minimum least eigenvalue) is attained uniquely
at a double nested graph.
For the Laplacian spectral radii of bipartite graphs, we have the following similar result.
Theorem 3.4. Gm is a double nested graph with all pendant edges attaching to a common vertex.
Proof. Let V(Gm) = {v1, v2, . . . , vn} be the vertex set of Gm, and x be a unit eigenvector of Gm
corresponding to μ(Gm). Since Gm is bipartite, by Lemma 2.5, x contains no zero entries, and all the
components in x corresponding to the vertices of each partition of Gm have the same sign. Without
loss of generality, we assume that X = {v1, v2, . . . , vj} and Y = {vj+1, vj+2, . . . , vn} such that
xv1  xv2  · · ·  xvj > 0 and xvj+1  xvj+2  · · ·  xvn < 0. By Lemma 3.2, this ordering coincides
with the ordering by degrees in X or Y .
By Lemma 3.1, all cut-edges in Gm are pendant edges attaching to a common vertexw with |xw| =
max1in |xvi |. Without loss of generality, we assume that |xv1 |  |xvj+1 |. So w = v1. Assume that
a1 > a2 > · · · > ah are h distinct values of xv1 , xv2 , . . . , xvj . Let X = X1 ∪ X2 ∪ · · · ∪ Xh, where
Xl = {vi ∈ X | xvi = al} for 1  l  h. Then Lemma 3.2 and Corollary 3.3 imply that Y can be
partitioned into Y1 ∪ Y2 ∪ · · · ∪ Yh. Hence Gm is a double nested graph. 
Remark 3.1. LetBkn be the set of all connected bipartite graphs of order nwith k cut-edges. Zhang and
Zhang [15] proved that the Laplacian spectral radius of D(1, l − 1; n − k − l, k) (shown in Fig. 2) is a
decreasing function on l (2  l  n−k−2), i.e.μ(D(1, 1; n−k−2, k)) > μ(D(1, 2; n−k−3, k)) >
· · · > μ(D(1, n−k−3; 2, k)). Furthermore, theyproved that “Amongall graphs inBkn (1  k  n−4),
the maximum Laplacian spectral radius is attained uniquely at D(1, 1; n − k − 2, k)”. In Zhang’s proof,
they used a complicate argument to find out the extremal graph is D(1, l − 1; n − k − l, k). Now we
can simplify their proof as follows:
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Let G be a graph with maximum Laplacian spectral radius among all graphs inBkn. By Theorem 3.4
and Lemma 2.1, Gmust beD(1, l−1; n−k− l, k). Since Zhang and Zhang [15] proved thatμ(D(1, l−
1; n− k− l, k)) is a decreasing function on l, this implies that D(1, 1; n− k− 2, k) is the graph with
maximum Laplacian spectral radius over all graphs inBkn.
Followingwegivebehavioral details for extremal connectedbipartite graphs according to the Lapla-
cian spectral radius. From Corollary 1.1, the following lemma is obvious.
Lemma 3.5. Let G be a bipartite graph of order n. Then μ(G)  n, and the equality holds if and only if G
is a complete bipartite graph.
Theorem 3.6. Let m <
⌊ n
2
⌋⌈ n
2
⌉
for a fixed n.
(i) If m = t(n − t) for all t ∈ {1, 2, . . . , ⌈ n
2
⌉ − 1}, then μ(Gm) < μ(Gm+1);
(ii) if m = t(n − t) for some t ∈ {1, 2, . . . , ⌈ n
2
⌉ − 1}, then μ(Gm) = n > μ(Gm+1).
Proof. (i) If m = t(n − t) for all t ∈ {1, 2, . . . , ⌈ n
2
⌉ − 1}, then Gm is not a complete bipartite graph.
By Lemma 2.1, we can add an edge to Gm such that its Laplacian spectral radius increasing. Hence, we
have μ(Gm) < μ(Gm+1).
(ii) If m = t(n − t) for some t ∈ {1, 2, . . . , ⌈ n
2
⌉ − 1}, then there exists a complete bipartite
graph Kt, n−t with m edges. By Corollary 1.1, we have μ(Kt, n−t) = n. Since m + 1 = t(n − t)
for all t ∈ {1, 2, . . . , ⌈ n
2
⌉ − 1}, Gm+1 is not a complete bipartite graph. By Lemma 3.5, we have
μ(Gm+1) < n = μ(Gm). 
4. Extremal bipartite graphs with few edges
In this section, we will use Theorem 3.4 to give a unified approach to determine some classes of
graphs with maximum Laplacian spectral radii.
4.1. Extremal bipartite graphs with at most three independent cycles
All trees, bipartite unicyclic, bipartite bicyclic and bipartite tricyclic graphs of order n, their sizes
are n − 1, n, n + 1 and n + 2, respectively. According to the structure of the graph with maximum
Laplacian spectral radius among all graphs in Bn,m (Theorem 3.4), it is easy to determine the graphs
having maximum Laplacian spectral radii among all trees, all bipartite unicyclic, bipartite bicyclic and
bipartite tricyclic graphs of order n, respectively.
For all graphs in Bn, n−1 (trees of order n), only Sn = D(1; n − 1) satisfies the conclusion of
Theorem 3.4 (a double nested graph and all pendant edges are attached to a common vertex). Then
we have
Theorem 4.1 [10]. Among all trees of order n, the maximum Laplacian spectral radius is attained uniquely
at the star Sn = D(1; n − 1).
Let U ∈ Bn,n (bipartite unicyclic graphs of order n) with bipartition (X, Y). If U satisfies the con-
clusion of Theorem 3.4, without loss of generality, wemay assume that each vertex in X with degree at
least 2. Then |X| = 2. Therefore, for all graphs inBn, n, onlyD(2; 2)when n = 4 andD(1, 1; 2, n−4)
when n  5 (shown in Fig. 3) satisfy the conclusion of Theorem 3.4. Then we have
Theorem 4.2. Among all bipartite unicyclic graphs of order n, the maximum Laplacian spectral radius is
attained uniquely at D(2; 2) when n = 4 and D(1, 1; 2, n − 4) when n  5.
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Fig. 3. Double nested unicyclic graph D(1, 1; 2, n − 4).
Fig. 4. Double nested bicyclic graphs: D(1, 1; 3, n − 5) and D(1, 2; 2, n − 5).
Similarly, for all graphs inBn, n+1 (bipartite bicyclic graphs of order n), only D(2; 3) when n = 5,
D(1, 1; 3, n − 5) and D(1, 2; 2, n − 5) when n  6 (shown in Fig. 4) satisfy the conclusion of
Theorem 3.4.
Lemma 4.3. When n  6, we have μ(D(1, 1; 3, n − 5)) > μ(D(1, 2; 2, n − 5)).
Proof. By direct calculation, the Laplacian characteristic polynomials of D(1, 1; 3, n − 5) and
D(1, 2; 2, n − 5) are
Φ(D(1, 1; 3, n − 5), x) = x(x − 1)n−6(x − 2)2f (x) and
Φ(D(1, 2; 2, n − 5), x) = x(x − 1)n−6(x − 2)2g(x),
where f (x) = x3 − (n + 4)x2 + (5n − 2)x − 3n and g(x) = x3 − (n + 3)x2 + (5n − 8)x − 2n.
By Lemma 2.4 and Corollary 1.1, we have
n > μ(D(1, 1; 3, n − 5)) > n − 2 + 1 = n − 1 and
n > μ(D(1, 2; 2, n − 5)) > n − 3 + 1 = n − 2.
Then μ(D(1, 1; 3, n − 5)) and μ(D(1, 2; 2, n − 5)) are the largest roots of the equations f (x) = 0
and g(x) = 0, respectively.
Let r(x) = g(x)−f (x) = x2−6x+n = (x−3)2+n−9, x ∈ (n−2, n). It is easy to check thatwhen
n  6, r(x) > 0 for all x ∈ (n−1, n). Thenwe haveμ(D(1, 1; 3, n−5)) > μ(D(1, 2; 2, n−5)). 
By Theorem 3.4 and Lemmas 4.3, we have the following two results.
Theorem 4.4 [15]. Among all bipartite bicyclic graphs of order n, the maximum Laplacian spectral radius
is attained uniquely at D(2; 3) when n = 5 and D(1, 1; 3, n − 5) when n  6.
Theorem 4.5. Let G ∈ Bn,n+1 \ {D(1, 1; 3, n − 5)} for n  6. Then μ(G)  μ(D(1, 2; 2, n − 5)),
and the equality holds if and only if G ∼= D(1, 2; 2, n − 5).
Similar to the discussion for bipartite unicyclic graphs case, it is easy to see that for all
graphs in Bn, n+2 (bipartite tricyclic graphs of order n), only D(2; 4) and D(2, 1; 2, 1) when n = 6,
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Fig. 5. Double nested tricyclic graphs: D(1, 1; 4, n − 6), D(1, 1, 1; 2, 1, n − 6) and D(1, 3; 2, n − 6).
D(1, 1; 4, n − 6), D(1, 1, 1; 2, 1, n − 6) and D(1, 3; 2, n − 6) when n  7 (shown in Fig. 5) satisfy
the conclusion of Theorem 3.4.
When n = 6, it is easy to calculate that μ(D(2; 4)) = 6 > μ(D(2, 1; 2, 1)) .= 5.562. When
n = 7, it is easy to calculate that μ(D(1, 1; 4, n − 6)) .= 6.534 > μ(D(1, 3; 2, n − 6)) .= 6.133 >
μ(D(1, 1, 1; 2, 1, n − 6)) .= 5.924. Following we shall consider n  8.
Lemma 4.6. When n  8, we have μ(D(1, 1; 4, n − 6)) > μ(D(1, 1, 1; 2, 1, n − 6)) >
μ(D(1, 3; 2, n − 6)).
Proof. By direct calculation, we have
Φ(D(1, 1; 4, n − 6), x) = x(x − 1)n−7(x − 2)3f (x),
Φ(D(1, 1, 1; 2, 1, n − 6), x) = x(x − 1)n−7(x − 3)2g(x), and
Φ(D(1, 3; 2, n − 6), x) = x(x − 1)n−7(x − 2)3h(x),
where
f (x) = x3 − (n + 5)x2 + (6n − 2)x − 4n,
g(x) = x4 − (n + 5)x3 + (7n − 3)x2 − (11n − 13)x + 4n, and
h(x) = x3 − (n + 3)x2 + (6n − 16)x − 2n.
By Lemma 2.4 and Corollary 1.1, we have
n > μ(D(1, 1; 4, n − 6)) > n − 2 + 1 = n − 1,
n > μ(D(1, 1, 1; 2, 1, n − 6)) > n − 3 + 1 = n − 2, and
n > μ(D(1, 3; 2, n − 6)) > n − 4 + 1 = n − 3.
Then μ(D(1, 1; 4, n − 6)), μ(D(1, 1, 1; 2, 1, n − 6)) and μ(D(1, 3; 2, n − 6)) are the largest roots
of the equations f (x) = 0, g(x) = 0 and h(x) = 0, respectively.
It is easy to see that g(x) = xf (x) + (n− 1)x2 − (7n− 13)x + 4n. Let r1(x) = (n − 1)x2 − (7n −
13)x + 4n. Then r1(x) is a strictly increasing function in [ 7n−132(n−1) , +∞
)
. Note that n − 2 > 7n−13
2(n−1) for
all n  8. It is easy to check that r1(x) > r1(n − 2) = n3 − 12n2 + 39n − 30 > 0, when n  8
and x > μ(D(1, 1, 1; 2, 1, n− 6)) > n− 2. Then Lemma 2.6(ii) implies thatμ(D(1, 1; 4, n− 6)) >
μ(D(1, 1, 1; 2, 1, n − 6)).
It is easy to obtain that g(x) = (x − 2)h(x) − (n − 7)x2 + (3n − 19)x. Let r2(x) = −(n − 7)x2 +
(3n− 19)x = x[3n− 19− (n− 7)x]. It is easy to check that r2(μ(D(n− 4, 2; 4, 1))) < r2(n− 3) =−(n − 3)(n2 − 13n + 40)  0 when n  8. Then Lemma 2.6(iii) implies that μ(D(1, 1, 1; 2, 1, n −
6)) > μ(D(1, 3; 2, n − 6)). This completes the proof. 
By Theorems 3.4 and 4.6, we have
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Fig. 6. Double nested quasi-tree graphs: D(1, 1; d0, n − d0 − 2) and D(1, d0 − 1; 2, n − d0 − 2).
Theorem 4.7. Among all bipartite tricyclic graphs of order n (n  8), the maximum, the second large and
the third large Laplacian spectral radii are attained uniquely at D(1, 1; 4, n− 6), D(1, 1, 1; 2, 1, n− 6)
and D(1, 3; 2, n − 6), respectively.
4.2. Bipartite quasi-tree graphs
A connected graph G is called a quasi-tree graph if there exists u0 ∈ V(G) such that G − u0 is a
tree. Let L+(n, d0) = {G | G is a bipartite quasi-tree graph of order nwith G − u0 being a tree and
d(u0) = d0}. If d0 = 1, thenL+(n, 1) is the set of trees of order n. In this case, it has been proven that
the star Sn attains the maximum Laplacian spectral radius among all trees of order n. In the following,
we will assume that d0  2. Let G ∈ L+(n, d0) with bipartition (X, Y). If G satisfies the conclusion
of Theorem 3.4, without loss of generality, we may assume that each vertex in X is of degree at least
2. If u0 ∈ X , we have |X| = 2; if u0 ∈ Y , we have |X| = d0. Therefore, for all graphs in L+(n, d0),
only D(2; n − 2) when d0 = n − 2, D(1, 1; d0, n − d0 − 2) and D(1, d0 − 1; 2, n − d0 − 2) when
2  d0 < n − 2 (shown in Fig. 6) satisfy the conclusion of Theorem 3.4.
It is obvious that D(1, 1; d0, n− d0 − 2) = D(1, d0 − 1; 2, n− d0 − 2) = D(1, 1; 2, n− 4)when
d0 = 2.
Lemma 4.8. When 3  d0  n − 3, we have μ(D(1, 1; d0, n − d0 − 2)) > μ(D(1, d0 − 1; 2, n −
d0 − 2)).
Proof. By direct calculation, we have
Φ(D(1, 1; d0, n − d0 − 2), x) = x(x − 1)n−d0−3(x − 2)d0−1f1(x) and
Φ(D(1, d0 − 1; 2, n − d0 − 2), x) = x(x − 1)n−d0−3(x − 2)d0−2(x − d0)f2(x),
where
f1(x) = x3 − (n + 1 + d0)x2 + (2n − 2 + nd0)x − nd0 and
f2(x) = x3 − (n + 3)x2 + [d0(n − d0 − 1) + 2n + 4]x − 2n.
By Lemma2.4,we see thatμ(D(1, 1; d0, n−d0−2)) andμ(D(1, d0−1; 2, n−d0−2)) are the largest
roots of the equations f1(x) = 0 and f2(x) = 0, respectively. Since f1(x), f2(x) → ∞ as x → ∞,
f2(x) > 0 for x > μ(D(1, d0 − 1; 2, n − d0 − 2)) and f1(x) > 0 for x > μ(D(1, 1; d0, n − d0 − 2)).
In order to prove μ(D(1, d0 − 1; 2, n − d0 − 2)) < μ(D(1, 1; d0, n − d0 − 2)), it suffices to prove
that for x ∈ [μ(D(1, 1; d0, n − d0 − 2)),∞), f2(x) > 0.
Let r(x) = f2(x) − f1(x) = (d0 − 2)[x2 − (d0 + 3)x + n]. There are two cases to consider:
Case 1: If (d0 + 3)2 − 4n < 0, then r(x) > 0 for all x ∈ R. Then for any x ∈ [μ(D(1, 1; d0, n − d0 −
2)),∞),
f2(x) = f1(x)︸ ︷︷ ︸
0
+ r(x)︸︷︷︸
>0
> 0.
J. Li et al. / Linear Algebra and its Applications 435 (2011) 2183–2192 2191
Case 2: If (d0 + 3)2 − 4n  0, then r(x) > 0 for x > d0+3+
√
(d0+3)2−4n
2
. Since 3  d0  n − 3, it
follows that 4  d0 + 1  2n − 5 − d0 and that
n − 1 − d0 + 3 +
√
(d0 + 3)2 − 4n
2
= (2n − 5 − d0) −
√
(d0 + 3)2 − 4n
2
= 2(n − 1)(n − 3 − d0) + 2
(2n − 5 − d0) +
√
(d0 + 3)2 − 4n
> 0.
By Corollary 1.1 and Lemma 2.4, we have n − 1 < μ(D(1, 1; d0, n − d0 − 2)) < n. Thus, for any
x ∈ [μ(D(1, 1; d0, n − d0 − 2)),∞),
f2(x) = f1(x)︸ ︷︷ ︸
0
+ r(x)︸︷︷︸
>0
> 0.
This completes the proof. 
By Theorems 3.4 and 4.8, we have
Theorem 4.9. Let G ∈ L+(n, d0) with 2 < d0 < n − 2. The maximum and the second large Laplacian
spectral radii are attained uniquely at D(1, 1; d0, n−d0−2) andD(1, d0−1; 2, n−d0−2), respectively.
Remark 4.1. For each G ∈ L+(n, d0) (2  d0  n − 2), we have |E(G)| = m = n − 2 + d0. And
n−2+d0 = t(n− t) if and only if d0 = n−2 and t = 2. Then Theorem 3.6 implies that the Laplacian
spectral radius of D(1, 1; d0, n − d0 − 2) is an increasing function on d0 (2  d0  n − 3), i.e.
μ(D(1, 1; 2, n− 4)) < μ(D(1, 1; 3, n− 5)) < · · · < μ(D(1, 1; n− 3, 1)) < n = μ(D(2; n− 2)).
Hence among all bipartite quasi-tree graphs with 2  d0  n − 2, the maximum Laplacian spectral
radius is attained uniquely at D(2; n− 2). Therefore, among all bipartite quasi-tree graphs of order n,
only Sn = D(1; n − 1) and D(2; n − 2) for which their Laplacian spectral radii are equal to n.
Let Hm ∈ Bn,m be a double nested graph with vertex partition V(Hm) = X ∪ Y (|X|  |Y |), such
that |X| is minimal among all double nested graphs inBn,m. A larger number of computational results
show that Hm is a graph for which its Laplacian spectral radius is maximal among all graphs inBn,m.
But it seems to be difficult to provide a mathematical proof to show this phenomena. So, at the end of
this paper, we propose the following conjecture.
Conjecture 4.10. Among all graphs inBn,m, the maximum Laplacian spectral radius is attained uniquely
at Hm.
Remark 4.2. It is obvious that Conjecture 4.10 holds for trees, bipartite unicyclic, bipartite bicyclic and
bipartite tricyclic graphs of order n, respectively (i.e. Conjecture 4.10 is true for m = n − 1, n, n +
1, n + 2).
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